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Bloch-like oscillations in a one-dimensional lattice with long-range correlated disorder
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We study the dynamics of an electron subjected to a uniform electric field within a tight-binding
model with long-range-correlated diagonal disorder. The random distribution of site energies is
assumed to have a power spectrum S(k) ∼ 1/kα with α > 0. Moura and Lyra [Phys. Rev. Lett. 81,
3735 (1998)] predicted that this model supports a phase of delocalized states at the band center,
separated from localized states by two mobility edges, provided α > 2. We find clear signatures
of Bloch-like oscillations of an initial Gaussian wave packet between the two mobility edges and
determine the bandwidth of extended states, in perfect agreement with the zero-field prediction.
PACS numbers: 78.30.Ly; 71.30.+h; 73.20.Jc; 72.15.Rn
The single-parameter scaling hypothesis predicts local-
ization of a single quasiparticle in one (1D) and two di-
mensions with time-reversal symmetry, independently of
the disorder strength present in the system [1]. There ex-
ist, however, low-dimensional systems that do not obey
the single-parameter scaling framework. Thus, the ab-
sence of Anderson localization in the presence of spatial
short-range correlations in disorder [2, 3] was put forward
to explain transport properties of semiconductor super-
lattices with intentional correlated disorder [4]. Further,
it was demonstrated that long-range correlated diago-
nal [5, 6] and off-diagonal [7] disorder also acts towards
delocalization of 1D quasiparticle states. Furthermore,
long-range correlations can result in the emergence of
a phase of extended states in the thermodynamic limit.
This phase appears at the band center and is separated
from localized states by two mobility edges [5]. This the-
oretical prediction was experimentally validated by mea-
suring microwave transmission spectra of a single-mode
waveguide with inserted correlated scatterers [8]. In the
case of short-range correlated disorder the delocalized
phase does not appear: the number of delocalized states
increases proportionally to the square root of the system
size, and thus this phase has zero measure in the ther-
modynamic limit.
In this Letter we focus on the dynamical properties of
an electron in a system with long-range correlated diago-
nal disorder. Interplay between the delocalization effect,
preserved by the long-range correlated disorder, and the
dynamic localization, caused by an electric field acting
on the system, is of our interest. We compute the behav-
ior of an initial Gaussian wave packet in the presence of
a uniform electric field solving numerically the 1D time-
dependent Schro¨dinger equation for the complete Hamil-
tonian. We found clear signatures of Bloch-like oscilla-
tions [9] of the wave packet between the two mobility
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edges of the delocalized phase of states. The amplitude
of the oscillatory motion of the centroid allows us to de-
termine the bandwidth of the delocalized phase.
We consider a tight-binding Hamiltonian with long-
range-correlated diagonal disorder and an external dc
electric field on a regular 1D open lattice of spacing a [10]
H =
N∑
n=1
(
ε˜n − eFan
)
|n〉〈n|
− J
N−1∑
n=1
(
|n〉〈n+ 1|+ |n+ 1〉〈n|
)
, (1)
where |n〉 is a Wannier state localized at site n with en-
ergy ε˜n, F is the external uniform electric field, and N
is even. The intersite coupling is restricted to nearest-
neighbors and assumed to be uniform over the entire lat-
tice with J > 0. In terms of the Wannier amplitudes
ψn(t) = 〈n|Ψ(t)〉, the Schro¨dinger equation reads [11]
iψ˙n = (εn − Fn)ψn − ψn+1 − ψn−1 , (2)
where we introduced the dimensionless parameters εn =
ε˜n/J , F = eFa/J , and time is expressed in units of h¯/J .
The source of disorder is the stochastic fluctuations
of energies ǫn, which we are going to consider as being
long-range correlated. One of the simplest ways to nu-
merically generate a power-law correlated sequence of on-
site potentials εn is to write its Fourier decomposition as
follows [5]
εn = C(α)
N/2∑
k=1
1
kα/2
cos
(
2πnk
N
+ φk
)
. (3)
Here, φk are N/2 independent random phases uniformly
distributed within the interval [0, 2π], and C(α) is a nor-
malization constant. We will normalize the energy se-
quence to have 〈εn〉 = 0 and 〈ε
2
n〉 = 1, where 〈. . .〉 in-
dicates average over the random phases φk. The long-
range nature of the potential correlations results from the
2power-law dependence of the amplitudes on the wave-
vector characterizing each Fourier component. Several
stochastic processes in nature are known to generate
long-range correlated random sequences which have no
characteristic scale, for example, in the nucleotide se-
quence of DNA molecules [12]. The relevance of the un-
derlying long-range correlations for the electronic trans-
port in DNA has been recently discussed in Ref. [13]. Fur-
thermore, interface roughness appearing during growth
often displays height-height correlations with power-law
spectra [14]; thus, the subsequent random potential aris-
ing from the rough interface would be long-range cor-
related. Recently, transport properties of systems with
long-range correlated disorder was explored, both theo-
retically and experimentally, in the design of devices for
filtering of electrical and optical signals [15].
Having introduced the model of disorder, we can solve
numerically (2) by means of an implicit integration al-
gorithm [18]. The initial condition is set to a Gaussian
wave packet of width σ and centered at n0 = N/2
ψn(0) = A(σ) exp [−(n− n0)2/4σ2] , (4)
A(σ) being the normalization factor. Once Eq. (2) is
solved for the initial condition (4), we compute the mean
position of the wave packet (centroid)
x(t) =
N∑
n=1
(n− n0) |ψn(t)|
2 . (5)
It is to be noticed that all eigenstates of the Hamilto-
nian (1) contribute to x(t).
It is well known that a uniform electric field applied
to a periodic lattice causes the dynamic localization of
the initially extended states of an electron and gives rise
to an oscillatory behavior of the electron wave packet,
the so-called Bloch oscillations [9]. The length of the
segment over which the electron oscillates (twice the
amplitude) and the period of these oscillations are es-
timated from semiclassical arguments to be (in dimen-
sionless units) LF = W/F and τB = 2π/F respectively
(e.g., see Ref. [16]), where W is the width of the Bloch
band in units of the coupling integral J (W = 4 in our
case). Notice that this approach requires slowly varying
wave functions to be valid, implying that LF > 1. Simi-
lar condition was pointed out in Ref. [17]. The question
we aim to clarify is to what extent will the correspond-
ing phenomenology be valid if long-range correlated dis-
order, that allows for a delocalized phase, is present. In
other words, whether the biased phase of extended states
bounded by two mobility edges behaves similarly to a bi-
ased Bloch band. If so, it provides us with a method to
measure the energy width of the delocalized phase W ′
from the relationship L′F = W
′/F , where L′F is twice
the amplitude of the oscillatory motion of the centroid.
Below, we present a numerical proof of this conjecture.
In Fig. 1 we show the asymptotic dynamics (t ≫ τB)
of the Wannier amplitudes ψn(t) of a initial Gaussian
wave packet ψn(t) (σ = 10 at t = 0 and F = 0.1) cal-
culated for two values of the exponent α, 0.5 (the phase
of delocalized states is absent in the unbiased system)
and 3.0 (the phase of delocalized states is present in the
unbiased system). At α = 0.5 [see Fig. 1a)], the disorder
is almost uncorrelated and the system is similar to the
standard Anderson model, with no signatures of Bloch
oscillations. On the contrary, the plot in Fig. 1b) cal-
culated for α = 3.0 shows an oscillating in time pattern.
This result suggests that Bloch oscillations can take place
even in the presence of disorder.
60 140 220
Site
900
1000
1100
t
a)
60 140 220
Site
900
1000
1100
t
b)
FIG. 1: Asymptotic dynamics (t ≫ τB) of the Wannier am-
plitudes ψn(t) of a biased wave packet (σ = 10 at t = 0 and
F = 0.1) in a lattice with N = 300 sites, for a) α = 0.5 and
b) α = 3.0. Bright and dark regions indicate higher and lower
probability amplitudes, respectively.
The time-domain evolution of the centroid, x(t), pro-
vides more detailed information about what is happen-
ing. In Fig. 2 one can see that there are no signatures
of Bloch oscillations for α = 0.5 (dotted line), at least
for a moderate field amplitude. Oscillations, which are
present at the very beginning, achieve in a short time a
weakly fluctuating (stationary in average) value. This is
a clear indication of the existence of disorder-induced de-
coherence effects, as is expected for the localized regime.
On the contrary, at α = 3.0 the centroid displays an
oscillatory, amplitude-modulated pattern after an initial
transient, where the amplitude of the oscillations is re-
duced (solid line). This oscillatory displacement of the
wave packet is not accompanied by in-phase oscillation
of its width. In other words, breather modes are absent
3for the specified initial condition.
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FIG. 2: Time-domain dynamics of the centroid of a biased
wave packet (σ = 10 at t = 0 and F = 0.25) in a lattice with
N = 500 sites. Dotted lines correspond to α = 0.5 and solid
lines to α = 3.0.
Valuable information can be extracted from a detailed
inspection of the centroid dynamics. First, we notice that
the period of the oscillations is a well defined quantity,
as is seen from Fig. 3. Furthermore, within the numer-
ical uncertainty, its value is equal to τB = 2π/F , being
the period of Bloch oscillations in a homogeneous lat-
tice. At the initial stage of the motion, the spatial region
within which the wave packet oscillates is roughly given
by 4/F , as for an ideal Bloch band. Disorder results
in a relatively fast decrease of the oscillation amplitude.
After this transient stage, oscillations are not damped
further and remains amplitude-modulated with an enve-
lope which depends on the realization of disorder. Dotted
lines in Fig. 3 bound the spatial region within which the
wave packet oscillates for a long time. On average, the
width of this region L′F is found to be L
′
F ∼W
′/F , where
W ′ is independent of the applied field F . From the data
in Fig. 3 we obtain W ′ ∼ 1. This value agrees remark-
ably well with the width of the band of extended states
reported in Ref. [5] for α = 3.0. Thus, we arrive at the
main conclusion of this work, namely there exist clear
signatures of Bloch-like oscillations of a biased Gaussian
wave packet between the two mobility edges.
To provide further confirmation of this claim, we calcu-
lated numerically the Fourier transform of the centroid,
x˜(ω), as shown in Fig. 4. Results were obtained by aver-
aging over 1000 realization of disorder. For α = 0.5, the
Fourier transform x˜(ω) is rather broad, suggesting that
x(t) is similar to a white noise signal. On the contrary, for
α = 3.0 the Fourier transform x˜(ω) shows a well-defined,
narrow peak at about ω = F , despite averaging. The
variance of x˜(ω), σ2ω , displays a rather different trend be-
low and above α = 2.0, as seen in the inset of Fig. 4. For
α < 2.0 the Fourier transform is broad, but for α > 2.0
the width of the Fourier transform is rather small and
independent of the electric field. The onset for the ap-
pearance of Bloch oscillations α = 2 (see the inset of
Fig. 4) is in excellent agreement with the value obtained
in Ref. [5] for the occurrence of the phase of extended
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FIG. 3: Time-domain dynamics of the centroid of a biased
wave packet (σ = 10 at t = 0) in a lattice with N = 1000
when α = 3.0, for a) F = 0.125 and b) F = 0.5. Dotted
lines bound a region of size L′F within which the wave packet
oscillates for a long time.
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FIG. 4: Fourier transform of the centroid of a biased wave
packet (σ = 10 at t = 0 and F = 0.5) in a lattice with
N = 500 sites, for α = 0.5 (upper panel and notice the mag-
nification factor) and α = 3.0 (lower panel). The inset shows
the variance σ2ω of x˜(ω) as a function of α for different val-
ues of the applied electric field. Results were obtained by
averaging over 1000 realizations of the disorder.
states.
Before concluding, some words concerning the influ-
ence of the width of the initial wave packet are in order.
The above results for F 6= 0 were obtained with a rel-
atively broad wave packet (σ ≫ 1) with initial velocity
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FIG. 5: Time-domain dynamics of the centroid of a biased
wave packet, with initial condition ψn(0) = δnn0 , in a lattice
with N = 1000 sites when α = 3.0, for F = 0.125
equal to zero. Consequently, its Fourier components span
a very narrow set of states at the bottom of the band.
We performed also a study for initial moving wave pack-
ets located initially deep in the band. In short, in the
very beginning the wave packet explores the entire band
in either case and oscillates within a spatial region of size
4/F . On increasing time, the amplitude of x(t) is always
reduced to a region of size L′F = W
′/F , where W ′ is
the width of the delocalized phase. This picture changes
slightly for narrower initial wave packets, for which the
large-amplitude transient is absent. Figure 5 shows the
centroid dynamics of an initial Kronecker δ wave packet
at α = 3.0 and F = 0.125. The extent of the spatial
region within which the wave packet asymptotically os-
cillates is again L′F = W
′/F . Thus, we can confidently
state that Bloch-like oscillations are rather insensitive to
initial conditions.
We studied a biased random tight-binding model where
the on-site disorder is long-range correlated with the
power spectrum S(k) ∼ 1/kα, α > 0. The unbiased
model supports a phase of delocalized states in the cen-
ter of the band provided α > 2 [5]. We found clear sig-
natures of Bloch-like oscillations for α > 2 and their ab-
sence for α < 2. The period of the oscillations agrees
well with the period in an ideal Bloch band. Thus, the
amplitude of the oscillations provides a direct way to es-
timate the energy difference between the two mobility
edges of the delocalized phase. We found that this en-
ergy difference is in perfect agreement with the results
reported in Ref. [5]. This finding opens the possibility to
experimentally measure the bandwidth of the delocalized
phase. Actual technological advances made it possible to
monitor the amplitude of Bloch oscillations in uniform
semiconductor superlattices [19]. Recently, intentionally
disordered superlattices were used to demonstrate the ab-
sence of localization in short-range correlated disordered
systems [4]. Thus, we conjecture that intentionally dis-
ordered superlattices with long-range correlated disorder
would allow for a clearcut validation of the present re-
sults. In addition, metallic rings threaded by magnetic
fields linearly rising in time also display Bloch oscilla-
tions [17], thus opening new experimental ways to test
our predictions.
Acknowledgments
V. A. M. acknowledges support through a NATO Fel-
lowship. Work at Madrid was supported by DGI-MCyT
(MAT2000-0734). Work at Brazil was supported by
CNPq and CAPES (Brazilian research agencies) and FA-
PEAL (Alagoas State agency).
[1] E. Abrahams, P. W. Anderson, D. C. Licciardello, and
T. V. Ramakrishnan, Phys. Rev. Lett. 42, 673 (1979).
[2] J. C. Flores, J. Phys.: Condens. Matter 1, 8471 (1989).
[3] D. H. Dunlap, H.-L. Wu, and P. W. Phillips, Phys. Rev.
Lett. 65, 88 (1990).
[4] V. Bellani, E. Diez, R. Hey, L. Toni, L. Tarricone, G.
B. Parravicini, F. Domı´nguez-Adame, and R. Go´mez-
Alcala´, Phys. Rev. Lett. 82, 2159 (1999).
[5] F. A. B. F. de Moura and M. L. Lyra, Phys. Rev. Lett.
81, 3735 (1998).
[6] F. M. Izrailev and A. A. Krokhin, Phys. Rev. Lett. 82,
4062 (1999).
[7] F. A. B. F. de Moura and M. L. Lyra, Physica A, 266,
465 (1999).
[8] U. Kuhl, F. M. Izrailev, A. A. Krokhin, and H.-J.
Sto¨ckmann, Appl. Phys. Lett. 77, 633 (2000).
[9] F. Bloch, Z. Phys. 52, 555 (1927).
[10] D. H. Dunlap and V. M. Kenkre, Phys. Rev. B 34, 3625
(1986).
[11] H. N. Nazareno and P. E. de Brito, Phys. Rev. B 60,
4629 (1999).
[12] C. -K. Peng, S. V. Buldyrev, A. L. Goldberger, S. Havlin,
F. Sciortino, M. Simons, and H. E. Stanley, Nature 356,
168 (1992).
[13] P. Carpena, P. Bernaola-Galva´n, P. Ch. Ivanov and H.
E. Stanley, Nature 418, 955 (2002).
[14] A. -L. Baraba´si and H. E. Stanley, Fractal Concepts
in Surface Growth (Cambridge University Press, Cam-
bridge, 1995).
[15] A. Krokhin, F. Izrailev, U. Kuhl, H. -J. Sto¨ckmann, and
S. E. Ulloa, Physica E 13, 695 (2002).
[16] N W. Ashcroft and N. D. Mermin, Solid State Physics
(Saunders Colege Publishers, New York, 1976), P. 213.
[17] L. Arrachea, Phys. Rev. B 66, 045315 (2002).
[18] W. H. Press, B. P. Flannery, S. A. Teukolsky, and W.
T. Wetterling, Numerical Recipes: The Art of Scien-
tific Computing (Cambridge University Press, New York,
1986) pp. 656-663.
[19] V. G. Lyssenko, G. Valusis, F. Loser, T. Hasche, K. Leo,
M. M. Dignam, and K. Kohler, Phys. Rev. Lett. 79, 301
(1997).
